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Abstract
Brane-world models provide a phenomenology that allows us to explore
the cosmological consequences of some M theory ideas, and at the same time to
use precision cosmology as a test of these ideas. In order to achieve this, we
need to understand how brane-world gravity affects cosmological dynamics and
perturbations. This introductory review describes the key features of cosmological
perturbations in a brane-world universe.
1. Introduction
Despite the tremendous successes of the concordance model (based on gen-
eral relativity and inflation), which can account for high-precision cosmological
observations, there remain deep puzzles within this model. What is the funda-
mental theory underlying inflation (or providing an alternative that matches its
successes)? What is the dark energy that appears to be dominating the energy
density of the universe and driving its late-time acceleration, and how can it
be explained by fundamental theory? What is the dark matter that dominates
over baryonic matter? These unresolved questions at the core of the concordance
model may be an indication that high-precision cosmology is probing the limits
not only of particle physics, but also of general relativity. In any event, it is
important to pursue the cosmological implications of quantum gravity theories –
and at the same time to subject quantum gravity theories to the stringent tests
following from high-precision data.
The fully quantum regime entails the break-up of the space-time contin-
uum, but even when spacetime can be modelled as a continuum, significant correc-
tions to general relativity will arise at energies below, but near, the fundamental
scale. Traditionally, the fundamental scale has been thought to be the Planck
scale, Mp ∼ 10
19 GeV. However, recent developments in M theory, a leading can-
didate quantum gravity theory [1], indicate that Mp may be an effective energy
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2scale, with the true fundamental scale being lower [2]. A key aspect of M theory
is the need for extra spatial dimensions. If there are d extra (spatial) dimensions,
with length scale L, then the true fundamental scale M4+d is given by
M2p ∼M
2+d
4+d L
d . (1)
If L ≫ M−1p , then M4+d ≪ Mp. Experiments in colliders and table-top tests of
gravitational force [3] imply the bounds L . 0.1 mm and M4+d & 1 TeV.
There are five distinct 1+9-dimensional superstring theories. In the mid-
90s duality transformations were found that relate these superstring theories and
the 1+10-dimensional supergravity theory, leading to the conjecture that all of
these theories arise as different limits of a single theory – M theory. The 11th
dimension in M theory is related to the string coupling strength; the size of this
dimension grows as the coupling becomes strong. At low energies, M theory
can be approximated by 1+10-dimensional supergravity. It was also discovered
that p-branes, which are extended objects of higher dimension than strings (1-
branes), play a fundamental role in the (non-perturbative) theory. Of particular
importance among p-branes are the D-branes, on which open strings can end.
Roughly speaking, open strings, which describe the non-gravitational sector, are
attached at their endpoints to branes, while the closed strings of the gravitational
sector can move freely in the full spacetime (the “bulk”). Classically, this is
realised via the localization of matter and radiation fields on the brane, with
gravity propagating in the bulk (see Fig. 1).
In the Horava-Witten solution [4], gauge fields of the standard model are
confined on two 1+9-branes (or domain walls) located at the end points of an
S1/Z2 orbifold, i.e., a circle folded on itself across a diameter. The 6 extra di-
mensions on the branes are compactified on a very small scale, close to the fun-
damental scale, and their effect on the dynamics is felt through “moduli” fields,
i.e. 5D scalar fields. A 5D realization of the Horava-Witten theory and the corre-
sponding brane-world cosmology is given in [5]. These solutions can be thought
of as effectively 5-dimensional, with an extra dimension that can be large rela-
tive to the fundamental scale. They provide the basis for the Randall-Sundrum
type 1 models of 5-dimensional gravity, with the bulk being a part of anti de Sit-
ter spacetime (AdS5) [6]. The scalar degree of freedom describing the inter-brane
separation is known as the radion, and it requires a stabilization mechanism if
general relativity is to be recovered at low energies.
As in the Horava-Witten solutions, the RS branes are Z2-symmetric (mir-
ror symmetry), and have tensions (vacuum energies) ±σ, where
σ =
3M2p
4πℓ2
. (2)
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Fig. 1. Brane-world schematic: matter is confined to the brane, while gravity prop-
agates in the bulk (from [3]).
Here ℓ is the curvature radius of the bulk, whose vacuum energy (cosmological
constant) is
Λ5 = −
6
ℓ2
. (3)
The single-brane Randall-Sundrum type 2 models [7] with infinite extra dimension
arise when the orbifold radius tends to infinity. In this case, general relativity is
recovered at low energies; the weak-field gravitational potential is
ψ(r) =
m
r
(
1 +
2ℓ2
3r2
)
. (4)
The fundamental scale is given by
M35 =
M2p
ℓ
. (5)
2. The brane observer’s viewpoint
Extra dimensions lead to new scalar, vector and tensor degrees of freedom
on the brane from the bulk graviton. In 5D, the spin-2 graviton is represented by
a 4-transverse traceless metric perturbation. In a suitable gauge, this contains:
a 3-transverse traceless perturbation – the 4D spin-2 graviton (2 polarizations);
a 3-transverse vector perturbation – the 4D spin-1 gravi-vector (or gravi-photon)
4(2 polarizations); and a scalar perturbation – the 4D spin-0 gravi-scalar (1 polar-
ization). These modes of the 5D graviton are massive from the brane viewpoint
(essentially since the projection onto the brane of the null 5D momentum is a time-
like momentum on the brane). They are known as Kaluza-Klein (KK) modes.
The standard 4D graviton corresponds to the massless zero-mode of the spin-2
part. In RS1, the tower of massive modes is discrete, while in RS2 it is continuous.
The novel feature of the RS models compared to previous higher-dimensional
models is that the observable 3 dimensions are protected from the large extra
dimension (at low energies) by curvature rather than straightforward compactifi-
cation. The RS brane-worlds and their generalizations (to include matter on the
brane, scalar fields in the bulk, etc.) provide phenomenological models that reflect
at least some of the features of M theory, and that bring exciting new geometric
and particle physics ideas into play. The RS2 models also provide a framework for
exploring holographic ideas that have emerged in M theory. Most of the recent
progress on brane-world cosmology has been in RS-type models. (Recent reviews
are given in [8, 9, 10]).
The field equations are [11]
(5)GAB = −Λ5
(5)gAB , (bulk) (6)
Gµν = −Λgµν + κ
2Tµν + 6
κ2
σ
Sµν − Eµν , (brane) (7)
where
κ2 ≡ κ24 =
1
6
σκ45 , (8)
Λ ≡ Λ4 =
1
2
[
Λ5 + κ
2σ
]
, (9)
and the standard 4D conservation equations hold on the brane (when there is
only vacuum energy in the bulk):
∇νTµν = 0 . (10)
The induced field equations (7) show two key modifications to the standard
4D Einstein field equations arising from extra-dimensional effects:
• Sµν ∼ (Tµν)
2 is the high-energy correction term, which is negligible for
ρ≪ σ, but dominant for ρ≫ σ:
|κ2Sµν/σ|
|κ2Tµν |
∼
|Tµν |
σ
∼
ρ
σ
. (11)
5• Eµν , the tracefree projection of the bulk Weyl tensor on the brane, encodes
corrections from 5D graviton effects. These include the effects of the KK
modes in the linearized case, and the gravitational influence of the second
brane if there is one.
From the brane-observer viewpoint, the energy-momentum corrections in
Sµν are local, whereas the KK corrections in Eµν are nonlocal, since they incor-
porate 5D gravity wave modes. These nonlocal corrections cannot be determined
purely from data on the brane. They are constrained by the 4D contracted Bianchi
identities (∇νGµν = 0), applied to Eq. (7):
∇µEµν =
6κ2
σ
∇µSµν . (12)
This shows qualitatively how 1+3 spacetime variations in the matter-radiation on
the brane can source KK modes. The 9 independent components in the tracefree
Eµν are reduced to 5 degrees of freedom by Eq. (12); these arise from the 5
polarizations of the 5D graviton.
The trace free Eµν contributes an effective “dark” radiative energy-momentum
on the brane, with energy density ρE , pressure ρE/3, momentum density q
E
µ and
anisotropic stress πEµν :
−
1
κ2
Eµν = ρE
(
4
3
uµuν +
1
3
gµν
)
+ qEµuν + q
E
νuµ + π
E
µν . (13)
We can think of this as a KK or Weyl “fluid”. The brane “feels” the bulk gravi-
tational field through this effective fluid. The RS models have a Minkowski brane
in an AdS5 bulk. This bulk is also compatible with an FRW brane. However, the
most general vacuum bulk with a Friedmann brane is Schwarzschild-anti de Sitter
spacetime [12]. It follows from the FRW symmetries that qEµ = 0 = π
E
µν , while
ρE = 0 only if the mass of the black hole in the bulk is zero. The presence of the
bulk black hole generates via Coulomb effects the dark radiation on the brane.
The brane-world corrections can conveniently be consolidated into an ef-
fective total energy density, pressure, momentum density and anisotropic stress.
In the case of a perfect fluid (or minimally coupled scalar field),
ρtot = ρ
(
1 +
ρ
2σ
+
ρE
ρ
)
, (14)
ptot = p+
ρ
2σ
(2p+ ρ) +
ρE
3
, (15)
qtotµ = q
E
µ , (16)
πtotµν = π
E
µν . (17)
6The (local) conservation equations (10) are
ρ˙+Θ(ρ+ p) = 0 , (18)
∇ip + (ρ+ p)Ai = 0 , (19)
where Θ is the volume expansion rate (= 3H in FRW) and Ai is the 4-acceleration.
The nonlocal conservation equations (12) give [13]
ρ˙E +
4
3
ΘρE +∇
iqEi = 0 , (20)
q˙Ei +
4
3
ΘqEi +
1
3
∇iρE +
4
3
ρEAi +∇
jπEij = −
(ρ+ p)
σ
∇iρ , (21)
where we have linearized about an FRW background.
3. The background cosmology
For an FRW brane, Eq. (21) is trivially satisfied, while Eq. (20) gives the
dark radiation solution
ρE = ρE 0
(a0
a
)4
. (22)
In natural static coordinates, the Schwarzschild-AdS5 metric for an FRW brane-
world is
(5)ds2 = −F (R)dT 2 +
dR2
F (R)
+R2
(
dr2
1−Kr2
+ r2dΩ2
)
, (23)
F (R) = K −
C
R2
+
R2
ℓ2
, (24)
where K = 0,±1 is the FRW curvature index and C is the mass parameter of the
black hole at R = 0 (note that the 5D gravitational potential has R−2 behaviour).
The FRW brane moves radially along the 5th dimension, with R = a(T ), where
a is the FRW scale factor, and the junction conditions determine the velocity via
the modified Friedmann equation (28). We can interpret the expansion of the
universe as motion of the brane through the static bulk.
The velocity of the brane is coordinate-dependent, and can be set to zero.
We can use Gaussian normal coordinates, in which the brane is fixed but the bulk
metric is not manifestly static [14]:
(5)ds2 = −N2(t, y)dt2 + A2(t, y)
[
dr2
1−Kr2
+ r2dΩ2
]
+ dy2 . (25)
Here a(t) = A(t, 0) is the scale factor on the FRW brane at y = 0, and t may be
chosen as proper time on the brane, so that N(t, 0) = 1. In the case where there
7is no bulk black hole (C = 0), the metric functions are
N =
A˙(t, y)
a˙(t)
, (26)
A = a(t)
[
cosh
(y
ℓ
)
−
{
1 +
ρ(t)
σ
}
sinh
(
|y|
ℓ
)]
. (27)
Again, the junction conditions determine the modified Friedmann equation [14]
H2 =
κ2
3
ρ
(
1 +
ρ
2σ
)
+
C
a4
+
1
3
Λ−
K
a2
, (28)
and by Eq. (22),
C =
κ2
3
ρE 0a
4
0 . (29)
The Friedmann and matter energy conservation equations yield
H˙ = −
κ2
2
(ρ+ p)
(
1 +
ρ
σ
)
− 2
C
a4
+
K
a2
. (30)
The additional effective relativistic degree of freedom in dark radiation is
constrained by nucleosynthesis and CMB observations to be no more than ∼5%
of the radiation energy density [15, 16]:
ρE
ρrad
∣∣∣∣
nuc
. 0.05 (31)
The other modification to the Hubble rate is via the high-energy correction ρ/σ. In
order to recover the observational successes of general relativity, the high-energy
regime where significant deviations occur must take place before nucleosynthesis,
i.e., cosmological observations impose the lower limit σ > (1 MeV)4. This is much
weaker than the limit from table-top experiments:
ℓ < 0.1 mm ⇒ σ > (1 TeV)4 and M5 > 10
5 TeV . (32)
The background dynamics of brane-world cosmology are simple because
the FRW symmetries simplify the bulk and rule out nonlocal effects. But per-
turbations on the brane in general release the nonlocal KK modes. Then the 5D
bulk perturbation equations must be solved in order to solve for perturbations on
the brane. These 5D equations are partial differential equations for the 3-Fourier
modes, with complicated initial and boundary conditions.
The theory of gauge-invariant perturbations in brane-world cosmology
has been extensively investigated and developed (see references given in the re-
views [8, 9, 10]) and is qualitatively well understood. The key remaining task
8is integration of the coupled brane-bulk perturbation equations with appropriate
initial/ boundary conditions. Special cases have been solved, where these equa-
tions effectively decouple, as in the next section, and approximation schemes have
recently been developed [17, 18, 19, 20, 21] for the more general cases where the
coupled system must be solved. From the brane viewpoint, the bulk effects, i.e.,
the high-energy corrections and the KK modes, act as source terms for the brane
perturbation equations. At the same time, perturbations of matter on the brane
can generate KK modes (i.e., emit 5D gravitons into the bulk) which propagate in
the bulk and can subsequently interact with the brane. This nonlocal interaction
amongst the perturbations is at the core of the complexity of the problem.
4. Brane-world inflation
In RS2-type brane-worlds, where the bulk has only a vacuum energy,
inflation on the brane must be driven by a 4D scalar field φ trapped on the
brane [22, 23]. (In more general brane-worlds, where the bulk contains a 5D
scalar field, it is possible that the 5D field induces inflation on the brane via its
effective projection [24]. More exotic possibilities arise from the interaction be-
tween two branes, including possible collision, which is mediated by a 5D scalar
field and which can induce either inflation [25] or a hot big-bang radiation era, as
in the “ekpyrotic” or cyclic scenario [26].)
High-energy brane-world modifications to the dynamics of inflation provide
increased Hubble damping, since ρ ≫ σ implies H is larger for a given energy
than in 4D general relativity [22]. This makes slow-roll inflation possible even for
potentials that would be too steep in standard cosmology [22, 27, 28].
The field satisfies the standard Klein-Gordon equation and the modified
Friedmann equation, with ρ = 1
2
φ˙2 + V (φ) and p = 1
2
φ˙2 − V (φ). The condition
for inflation is
φ˙2 − V +
[
1
2
φ˙2 + V
σ
(
5
4
φ˙2 −
1
2
V
)]
< 0 , (33)
which reduces to the general relativity result, φ˙2 < V , when ρ = 1
2
φ˙2 + V ≪ σ.
In the slow-roll approximation,
H2 ≈
κ2
3
V
[
1 +
V
2σ
]
, (34)
φ˙ ≈ −
V ′
3H
. (35)
The brane-world correction term V/σ in Eq. (34) serves to enhance the Hubble
rate for a given potential energy, relative to general relativity. Thus there is
9enhanced Hubble ‘friction’ in Eq. (35), and brane-world effects will reinforce slow-
roll at the same potential energy. We can see this by defining slow-roll parameters
that reduce to the standard parameters in the low-energy limit:
ǫ ≡ −
H˙
H2
=
M2p
16π
(
V ′
V
)2 [
1 + V/σ
(1 + V/2σ)2
]
, (36)
η ≡ −
φ¨
Hφ˙
=
M2p
8π
(
V ′′
V
)[
1
1 + V/2σ
]
. (37)
Self-consistency of the slow-roll approximation then requires ǫ, |η| ≪ 1. At low
energies, V ≪ σ, the slow-roll parameters reduce to the standard form. However
at high energies, V ≫ σ, the extra contribution to the Hubble expansion helps
damp the rolling of the scalar field and the new factors in square brackets become
≈ σ/V :
ǫ ≈ ǫgr
[
4σ
V
]
, η ≈ ηgr
[
2σ
V
]
, (38)
where ǫgr, ηgr are the standard general relativity slow-roll parameters. In par-
ticular, this means that steep potentials which do not give inflation in general
relativity, can inflate the brane-world at high energy and then naturally stop in-
flating when V drops below σ. These models can be constrained because they
typically end inflation in a kinetic-dominated regime and thus generate a blue
spectrum of gravitational waves, which can disturb nucleosynthesis [27]. They
also allow for the novel possibility that the inflaton could act as dark matter or
quintessence at low energies [27, 29].
The key test of any modified gravity theory during inflation, will be the
spectrum of perturbations produced due to quantum fluctuations of the fields
about their homogeneous background values. In general, perturbations on the
brane are coupled to bulk metric perturbations, and the problem is very com-
plicated. However on large scales on the brane, the density and curvature per-
turbations decouple from the bulk metric perturbations [13, 22, 15] (see the next
section). Thus we are justified in neglecting the bulk metric perturbations when
computing the density perturbations.
To quantify the amplitude of scalar (density) perturbations we evaluate
the usual gauge-invariant quantity
ζ ≡ R−
H
ρ˙
δρ , (39)
which reduces to the curvature perturbation, R, on uniform density hypersurfaces
(δρ = 0). This is conserved on large scales for purely adiabatic perturbations, as
10
a consequence of energy conservation (independently of the field equations) [30].
The curvature perturbation on uniform density hypersurfaces is given in terms of
the scalar field fluctuations on spatially flat hypersurfaces, δφ, by
ζ = H
δφ
φ˙
. (40)
The field fluctuations at Hubble crossing (k = aH) in the slow-roll limit are given
by 〈δφ2〉 ≈ (H/2π)2, a result for a massless field in de Sitter space that is also
independent of the gravity theory [30]. For a single scalar field the perturbations
are adiabatic and hence the curvature perturbation ζ can be related to the density
perturbations when modes re-enter the Hubble scale during the matter dominated
era, which is given by A2s = 4〈ζ
2〉/25. Using the slow-roll equations and Eq. (40),
this gives
A2s ≈
(
512π
75M6p
V 3
V ′2
)[
2σ + V
2σ
]3∣∣∣∣∣
k=aH
. (41)
Thus the amplitude of scalar perturbations is increased relative to the standard
result at a fixed value of φ for a given potential.
The scale-dependence of the perturbations is described by the spectral tilt
ns − 1 ≡
d lnA2s
d ln k
≈ −6ǫ+ 2η , (42)
where the slow-roll parameters are given in Eqs. (36) and (37). Because these slow-
roll parameters are both suppressed by an extra factor σ/V at high energies, we see
that the spectral index is driven towards the Harrison-Zel’dovich spectrum, ns →
1, as V/σ → ∞; however, this does not necessarily mean that the brane-world
case is closer to scale-invariance than the general relativity case. In comparing
the high-energy brane-world case to the standard 4D case, we implicitly require
the same potential energy. However, precisely because of the high-energy effects,
large-scale perturbations will be generated at different values of V than in the
standard case, specifically at lower values of V , closer to the reheating minimum.
Thus there are two competing effects, and it turns out that the shape of the
potential determines which is the dominant effect [31].
High-energy inflation on the brane also generates a zero-mode (4D graviton
mode) of tensor perturbations, and stretches it to super-Hubble scales. This
zero-mode has the same qualitative features as in general relativity, remaining
frozen at constant amplitude while beyond the Hubble horizon. Its amplitude is
enhanced at high energies, although the enhancement is much less than for scalar
11
Fig. 2. The damping of cosmological gravity waves on horizon re-entry due to mas-
sive mode generation. The solid curve is the numerical solution, the short-dashed
curve the low-energy approximation, and the long-dashed curve the standard gen-
eral relativity solution. ǫ∗ = ρ0/σ and γ is a parameter giving the location of the
regulator brane. (From [20].)
perturbations [32]:
A2t ≈
(
32V
75M2p
)[
3V 2
4σ2
]
, (43)
A2t
A2s
≈
(
M2p
16π
V ′2
V 2
)[
6σ
V
]
. (44)
Equation (44) means that brane-world effects suppress the large-scale tensor con-
tribution to CMB anisotropies. The tensor spectral index at high energy has a
smaller magnitude than in general relativity,
nt = −3ǫ , (45)
but remarkably the same consistency relation as in general relativity holds [28]:
nt = −2
A2t
A2s
. (46)
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The massive KK modes of tensor perturbations of a de Sitter brane have a
mass gap [33, 32, 34, 35]: m > 3H/2. These massive modes remain in the vacuum
state during slow-roll inflation [32, 34]. The evolution of the super-Hubble zero
mode is the same as in general relativity, so that high-energy brane-world effects
in the early universe serve only to rescale the amplitude. However, when the zero
mode re-enters the Hubble horizon, massive KK modes can be excited, leading to
a loss of energy from the zero mode, which can be estimated at low energies [20, 21]
(see Fig. 2).
Vector perturbations in the bulk metric can support vector metric pertur-
bations on the brane, even in the absence of matter perturbations [13]. However,
there is no normalizable zero mode, and the massive KK modes stay in the vac-
uum state during brane-world inflation [36]. Therefore, as in general relativity,
we can neglect vector perturbations in inflationary cosmology.
5. Curvature perturbations on large scales
The curvature perturbation R on uniform density surfaces is associated
with the gauge-invariant quantity in Eq. (39). This is defined for matter on
the brane, in the usual way. Similarly, for the Weyl “fluid” if ρE 6= 0 in the
background, the curvature perturbation on hypersurfaces of uniform dark energy
density is
ζE = R+
δρE
4ρE
. (47)
On large scales, the dark energy conservation equation (20) implies
(δρE)
· + 4HδρE + 4ρER˙ = 0 , (48)
which leads to
ζ˙E = 0 . (49)
For adiabatic matter perturbations, by the perturbed matter energy conservation
equation,
(δρ)· + 3H(δρ+ δp) + 3(ρ+ p)R˙ = 0 , (50)
we find
ζ˙ = 0 . (51)
This is independent of brane-world modifications to the field equations, since it
depends on energy conservation only. For the total, effective fluid, the curvature
perturbation is defined as follows [15]: if ρE 6= 0 in the background,
ζ tot = ζ +
[
4ρE
3(ρ+ p)(1 + ρ/σ) + 4ρE
]
(ζE − ζ) , (52)
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and if ρE = 0 in the background,
ζ tot = ζ +
δρE
3(ρ+ p)(1 + ρ/σ)
, (53)
δρE =
δC
a4
, (54)
where δC is constant. It follows that the curvature perturbations on large scales
can be found on the brane without solving for the bulk metric perturbations.
Although the density and curvature perturbations can be found on super-
Hubble scales, the Sachs-Wolfe effect requires πEµν in order to translate from den-
sity/ curvature to metric perturbations. In the 4D longitudinal gauge of the metric
perturbation formalism, the gauge-invariant curvature and metric perturbations
on large scales are related by [15]
ζ tot = R−
H
H˙
(
R˙
H
− ψ
)
, (55)
R+ ψ = −κ2a2δπE , (56)
where the radiation anisotropic stress on large scales is neglected, as in general
relativity, and δπE is the scalar potential for π
E
µν . In 4D general relativity, the
right hand side of Eq. (56) is zero. The (non-integrated) Sachs-Wolfe formula has
the same form as in general relativity:
δT
T
∣∣∣
now
= (ζrad + ψ −R)|dec . (57)
The brane-world corrections to the general relativistic Sachs-Wolfe effect are then
given by [15]
δT
T
=
(
δT
T
)
gr
−
8
3
(
ρrad
ρcdm
)
SE − κ
2a2δπE +
2κ2
a5/2
∫
da a7/2 δπE , (58)
where SE is the KK entropy perturbation (determined by δρE). The KK term
δπE cannot be determined by the 4D brane equations, so that δT/T cannot be
evaluated on large scales without solving the 5D equations. Equation (58) has
been generalized to the 2-brane case, in which the radion makes a contribution
to the Sachs-Wolfe effect [37].
The presence of the KK (Weyl, dark) component has essentially two pos-
sible effects.
• A contribution from the KK entropy perturbation SE that is similar to an
extra isocurvature contribution.
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• A contribution from the KK anisotropic stress δπE . In the absence of
anisotropic stresses, the curvature perturbation ζ tot would be sufficient to
determine the metric perturbationR and hence the large-angle CMB anisotropies,
via Eqs. (55), (56) and (57). However bulk gravitons can also generate
anisotropic stresses which, although they do not affect the large-scale cur-
vature perturbation ζ tot, can affect the relation between ζ tot, R and ψ, and
hence can affect the CMB anisotropies at large angles.
6. Brane-world CMB anisotropies
Recently, the anisotropies in the CMB for RS-type brane-world cosmologies
have been calculated using a low-energy approximation [18]. The basic idea of
the low-energy approximation [17] is to use a gradient expansion to exploit the
fact that, during most of the history of the universe, the curvature scale on the
observable brane is much greater than the curvature scale of the bulk (ℓ < 1 mm):
L ∼ |Rµναβ |
−1/2 ≫ ℓ ∼ | (5)RABCD|
−1/2
⇒ |∇µ| ∼ L
−1 ≪ |∂y| ∼ ℓ
−1 . (59)
These conditions are equivalent to the low energy regime, since ℓ2 ∝ σ−1 and
|Rµναβ | ∼ |Tµν |:
ℓ2
L2
∼
ρ
σ
≪ 1 . (60)
Using Eq. (59) to neglect appropriate gradient terms in an expansion in ℓ2/L2,
the low-energy equation
∇νEµν = 0 , (61)
can be solved. However, two boundary conditions are needed to determine all
functions of integration. This is achieved by introducing a second brane, as in the
RS1 scenario. This brane is to be thought of either as a regulator brane, whose
backreaction on the observable brane is neglected (which will only be true for a
limited time), or as a shadow brane with physical fields, which have a gravitational
effect on the observable brane.
The background is given by low-energy FRW branes with tensions ±σ,
proper times t±, scale factors a±, energy densities ρ± and pressures p±, and dark
radiation densities ρE ±. The physical distance between the branes is ℓd¯(t), and
d
dt−
= ed¯
d
dt+
, a− = a+e
−d¯ , H− = e
d¯
(
H+ −
˙¯d
)
, ρE − = e
4d¯ρE + . (62)
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Then the background dynamics are given by
H2
±
= ±
κ2
3
(ρ± ± ρE ±) , (63)
¨¯d+ 3H+
˙¯d− ˙¯d2 =
κ2
6
[
ρ+ − 3p+ + e
2d¯(ρ− − 3p−)
]
. (64)
The dark energy obeys ρE + = C/a
4
+, where C is a constant. From now on, we
drop the +-subscripts which refer to the physical, observed quantities.
The perturbed metric on the observable (positive tension) brane is de-
scribed, in longitudinal gauge, by the metric perturbations ψ and R, and the
perturbed radion is d = d¯ + N . The approximation for the KK (Weyl) energy-
momentum tensor on the observable brane is [18]
Eµν =
2
e2d − 1
[
−
κ2
2
(
T µν + e
−2dT µ− ν
)
−∇µ∇νd+ δ
µ
ν∇
2d−
{
∇µd∇νd+
1
2
δµν (∇d)
2
}]
, (65)
and the field equations on the observable brane can be written in scalar-tensor
form as
Gµν =
κ2
χ
T µν +
κ2(1− χ)2
χ
T µ− ν
+
1
χ
(
∇µ∇νχ− δ
µ
ν∇
2χ
)
+
ω(χ)
χ2
[
∇µχ∇νχ−
1
2
δµν (∇χ)
2
]
, (66)
where
χ = 1− e−2d , ω(χ) =
3
2
χ
1− χ
. (67)
The perturbation equations can then be derived as generalizations of the
standard equations. The trace part of the perturbed field equation shows that
the radion perturbation determines the crucial quantity, δπE :
R+ ψ = −
2
e2d¯ − 1
N = −κ2a2δπE , (68)
where the last equality follows from Eq. (56). A new set of variables ϕ±, E turns
out be very useful [37, 18]:
R = −ϕ+ −
a2
k2
HE˙ +
1
3
E ,
ψ = −ϕ+ −
a2
k2
(E¨ + 2HE˙) ,
N = ϕ− − ϕ+ −
a2
k2
˙¯dE˙ . (69)
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Fig. 3. The CMB power spectrum with brane-world effects, for different values of
the parameter δC∗ (which is the large-scale dark radiation fluctuation δρE as a
proportion of the large-scale curvature perturbation for matter ζ∗). (From [18].)
The variable E determines the metric shear anisotropy in the bulk, whereas ϕ±
give the brane displacements, in transverse traceless gauge. The latter variables
have a simple relation to the curvature perturbations on large scales [37, 18]
(restoring the +-subscripts):
ζ tot± = −ϕ± +
H2
±
H˙±
(
ϕ˙±
H±
+ ϕ±
)
, (70)
where f˙± ≡ df±/dt±.
The simplest model has
ρE = 0 =
˙¯d (71)
in the background, with p−/ρ− = p/ρ. By Eq. (64), it follows that
ρ− = −ρe
2d¯ , (72)
i.e., the matter on the regulator brane must have fine-tuned and negative energy
density to prevent the regulator brane from moving in the background. The
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regulator brane is assumed to be very far from the physical brane, so that we
can neglect its effects over a cosmological time-scale. With these assumptions,
and further assuming adiabatic perturbations for the matter, there is only one
independent brane-world parameter, i.e., the parameter measuring dark radiation
fluctuations:
δC∗ =
δρE
ρrad
. (73)
This has a remarkable consequence on large scales: the Weyl anisotropic
stress δπE terms in the Sachs-Wolfe formula Eq. (58) cancel the entropy perturba-
tion from dark radiation fluctuations, so that there is no difference on the largest
scales from the standard general relativity power spectrum. On small scales, be-
yond the first acoustic peak, the brane-world corrections are negligible. On scales
up to the first acoustic peak, brane-world effects can be significant, changing the
height and the location of the first peak. These features are apparent in Fig. 3.
However, it is not clear to what extent these features are general brane-world
features (within the low-energy approximation), and to what extent they are con-
sequences of the simple assumptions imposed on the background. Further work
remains to be done. (A related low-energy approximation, using the moduli space
approximation, has been developed for certain 2-brane models with bulk scalar
field [19].)
7. Conclusion
Simple brane-world cosmologies of RS type provide a rich phenomenology
for exploring some of the ideas that are emerging from M theory. At the same
time, brane-world gravity opens up exciting prospects for subjecting M theory
ideas to the increasingly stringent tests provided by high-precision astronomi-
cal observations. Recent progress in tackling the massive KK modes for tensor
and scalar perturbations, and in particular the development of an approximation
scheme for computing CMB anisotropies, mean that these goals are brought closer
to realization. On this basis, the perturbation analysis can be extended to cover
more realistic brane-world models, and ultimately M theory models.
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